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THE CONNECTIVITY AT INFINITY OF A MANIFOLD AND
Lq,p-SOBOLEV INEQUALITIES
STEFANO PIGOLA, ALBERTO G. SETTI, AND MARC TROYANOV
Abstract. The purpose of this paper is to give a self-contained proof that a complete manifold
with more than one end never supports an Lq,p-Sobolev inequality (2 ≤ p, q ≤ p∗), provided the
negative part of its Ricci tensor is small (in a suitable spectral sense). In the route, we discuss
potential theoretic properties of the ends of a manifold enjoying an Lq,p-Sobolev inequality.
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Introduction
A classic subject in Riemannian geometry is the study of the interplay between curvature
bounds and the topology of the underlying space. If, on the one hand, this interplay can
take the form of a control of certain global topological invariants such as the homotopy or
the homology groups of the manifold, on the other hand it can be visible in a control of the
complexity at infinity of the space, e.g., the number of its ends. Recall that an end of a complete
Riemannian manifold (M,g) with respect to a selected compact set K is any of the unbounded
connected components of M\K. Clearly, by enlarging K, the corresponding number of ends
n(K) increases and if n(K) is constantly equal to 1 we say that M is connected at infinity. It
is a well known consequence of the splitting theorem by J. Cheeger and D. Gromoll, [6], that a
complete manifold with non-negative Ricci curvature has at most two ends. Furthermore, if the
Ricci curvature is positive at some point, then we have connectedness at infinity. According to
works by H.-D. Cao, Y. Shen and S. Zhu, [9], and P. Li and J. Wang, [21] (see also [23]), the
Ricci curvature assumption in Cheeger-Gromoll conclusion can be considerably relaxed provided
a Sobolev inequality of the form
(1) S2∗,2 · ‖ϕ‖L2∗ ≤ ‖∇ϕ‖L2 ,
with 2∗ = 2m/ (m− 2), for some constant S2∗,2 > 0 and for every ϕ ∈ C
∞
c (M) holds. More
precisely, connectedness at infinity holds provided the Ricci curvature satisfies Ric ≥ −q(x)
where q is a non negative continuous function on M such that
(2)
∫
M
q(x)ϕ(x)2dvolg ≤
∫
M
|∇ϕ|2dvolg
2010 Mathematics Subject Classification. 53C21, 31C12.
Key words and phrases. Ends of manifolds, Sobolev inequalities, Ricci curvature, Lq,p-cohomology.
Work partially supported by the Italian GNAMPA and the Swiss NSF .
1
2 STEFANO PIGOLA, ALBERTO G. SETTI, AND MARC TROYANOV
for all smooth functions ϕ with compact support in M . Note that this condition means that
the function q ≥ 0 is small in the following spectral sense:
λ
−∆−q(x)
1 (M) = inf
ϕ∈C1c (M)\{0}
∫
M
(
|∇ϕ|2 − q · ϕ2
)
∫
M ϕ
2
≥ 0.
Observe that, by reversing the viewpoint, a complete manifold disconnected at infinity and with
Ricci tensor subjected to the same conditions cannot support the L2
∗,2-Sobolev inequality (1).
In general, it is an interesting and difficult problem to understand whether or not a complete
manifold enjoys some Lq,p-Sobolev inequality
(3) Sq,p · ‖ϕ‖Lq ≤ ‖∇ϕ‖Lp ,
for some constant Sq,p > 0 and for every ϕ ∈ C
∞
c (M).
In this respect, we point out that the validity of the Lq,p-Sobolev inequality (3), when com-
bined with a Ricci curvature assumption, implies some constraints on the fundamental group
of the complete Riemannian manifold M . Indeed, a complete m-dimensional manifold with
non-negative Ricci curvature enjoys (3) for some (hence every) 1 ≤ p < m and q = mp/ (m− p)
if and only if the volume growth is exactly Euclidean, [30, 7]. If this happens, then by a result
due independently to M. Anderson, [1], and P. Li, [19], the fundamental group of the manifold
is necessarily finite.
Further interesting connections between topology and Lq,p-Sobolev inequalities arise from
a seminal work by Pansu, [22], recently extended in [13]. Accordingly, the validity of (3) is
related to a “global” cohomology theory which is sensitive only on the geometry at infinity of
the underlying manifold, the so called Lq,p-cohomology, and gives information on the solvability
of non-linear differential equations involving the p-Laplace operator (on differential forms). Very
quickly, given 1 < p, q < +∞, the Lq,p-cohomology spaces of the complete Riemannian manifold
M are defined as follows; we refer the reader to [13] for a detailed exposition. Let Lq
(
M,Λk
)
denote the Banach space of Lq-integrable k-forms endowed with the obvious norm ‖ω‖q =(∫
M |ω|
q)1/q. The usual exterior differential d on smooth, compactly supported k-forms extends
weakly to Lq
(
M,Λk
)
and gives rise to the Banach space
Ωkq,p(M) = L
q(M,Λk) ∩ d−1Lp((M,Λk+1))
with norm ‖ω‖q,p = ‖ω‖q + ‖dω‖p. In this way, the weak exterior differential can be con-
sidered as a bounded linear operator dkq,p : Ω
k
q,p(M,Λ
k) → Lp(M,Λk+1). Since it satisfies
the usual co-boundary rule d ◦ d = 0 then, as in the classical de Rham cohomology, one is
led to consider the corresponding subspaces of co-cycles Zkq,p(M) = ker d
k
q,p and co-boundaries
Bkq,p(M) = d
k−1
p,q (Ω
k−1
q,p (M)) ⊂ Z
k
q,p(M), and to define the k
th space of the Lq,p-cohomology of M
by setting
Hkq,p(M) = Z
k
q,p(M)upslopeB
k
q,p(M).
By continuity, Zkq,p(M) is always closed, hence Banach, whereas B
k
q,p(M) could be not. In case
Bkq,p(M) = B
k
q,p(M), the L
q,p-cohomology space Hkq,p(M) is said to be reduced. If M is compact
and if 1 < p, q <∞ and 1/p − 1/q ≤ 1/m then all the cohomology spaces Hkq,p(M) are reduced
and coincide with the usual de Rham spaces HkdR(M) [13, Theorem 12.10].
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On the other hand, if M is bi-Lipschitz equivalent to M ′ then Hkq,p(M) ≃ H
k
q,p(M
′). In
particular, ifM is not compact, its Lq,p-cohomology is not affected by perturbing the Riemannian
metric on a compact set. Now, in the language of Lq,p-cohomology, the validity of the Sobolev
inequality (3) means precisely that the first Lq,p-cohomology space of M is reduced. Whence, if
M is simply connected and H1p,r(M) 6= 0 for some r > 1, using a variational argument one can
show that M supports a non-constant p-harmonic function with finite p-energy. Reversing the
viewpoint, this circle of ideas shows that, under the validity of (3), if the first Lq,p-cohomology
group vanishes, then the existence of a non-constant p-harmonic function v : M → R with finite
p-energy |∇v| ∈ Lp(M) implies that M is not simply connected.
This brief and quite informal overview should have given some idea of the influence of Lq,p-
Sobolev inequalities on the topology and the complexity at infinity of the space.
The goal of this paper is to give a complete and self contained proof of the following Theorem
that extends to every p ≥ 2 the results by Cao-Shen-Zhu and Li-Wang alluded to at the beginning
of paper.
Theorem 0.1. Let (M,g) be a complete non compact Riemannian manifold of dimension m.
Let q > p ≥ 2 be such that
1
p
−
1
q
≤
1
m
,
and assume that M supports an Lq,p-Sobolev inequality of the type
Sq,p ‖ϕ‖Lq ≤ ‖∇ϕ‖Lp ,
for some constant Sq,p > 0 and for every ϕ ∈ C
∞
c (M). Assume that the Ricci tensor of M is
such that
(4) MRic ≥ −q (x) on M
for a suitable function q ∈ C0(M). If the Schrodinger operator L = ∆+Hq (x) satisfies
(5) λ−L1 (M) ≥ 0,
for some constant H > p2/4 (p− 1), then, M is connected at infinity, i.e. for any compact set
F ⊂M , the complement M \ F has exactly one unbounded connected component.
The paper is organized as follows. In section 1 we give a rapid proof of the main Theorem,
which is based on three facts from the non linear potential theory of Riemannian manifolds.
In section 2 we provide the necessary background and in sections 3–5, we give detailed proofs
of the potential theoretical results that are used. Our proofs and viewpoints are independent
of the existing literature (although we provide all the relevant references) and somewhat more
direct. For instance, the potential theoretic properties of the ends are studied via a direct use
of the doubling procedure and the equivalence between p-parabolicity in terms of p-capacity
and p-subharmonic functions is obtained without the use of the non-linear Green kernel intro-
duced by I. Holopainen. In the route, we also deduce a form of the Ahlfors maximum principle
characterization of p-parabolicity using exterior domains and we extend a result by G. Carron
concerning Sobolev inequalities outside a compact set.
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1. Proof of the main theorem
We argue by contradiction. Assume that the complement M \ F of a given compact subset
F ⊂M , contains at least two disjoint unbounded connected component E1, E2. From a theorem
by S. Buckley and P. Koskela (see [2] and Theorem 3.4 below), we know that E1, E2 are p-
hyperbolic. This means that for any compact subset Ki ⊂ Ei there exists αi > 0 such that
(6)
∫
M
|∇u|pd volg ≥ αi
for any u ∈ C1c (M) such that u ≥ 1 on Ki.
Using the p-hyperbolicity of E1, E2 together with a result of I. Holopainen (see [16] and
Theorem 4.1 below), there exists a non-constant p-harmonic function w of finite p-energy, that
is a function w ∈ C1(M) such that
div
(
|∇w|p−2∇w
)
= 0 and
∫
M
|∇w|pd volg <∞.
The conclusion follows now from a Liouville type theorem recently proved by G. Veronelli and
the first author (see [25], and Theorem 5.1 below). This theorem says that under the conditions
(4) (5) on the Ricci curvature, every p-harmonic function u ∈ C1(M) with finite p-energy
|∇u| ∈ Lp(M) must be constant if p ≥ 2. Applying this result to the function w above gives us
the required contradiction.

To sum up, the main theorem follows from (1) the fact that the Sobolev inequality implies that
(M,g) has only p-hyperbolic ends, (2) the fact that a manifold with more than one hyperbolic
end carries a non constant p-harmonic function with finite p-energy and (3) a Liouville type
theorem saying that under our curvature assumption, every p-harmonic function with finite p-
energy on M is constant. In the following sections, we give precise statements and independent
complete proofs for these three facts.
2. Preliminary results from non-linear potential theory
A basic notion in geometric analysis is that of p-parabolicity and p-hyperbolicity of a Rie-
mannian manifold (1 ≤ p < ∞), see e.g. [15, 28]. Recall first that the p-capacity of a compact
set K in a Riemannian manifold (M,g) is defined as
capp (K) = inf
∫
M
|∇ϕ|p d volg,
where the infimum is taken with respect to all functions ϕ ∈ C1c (M) such that ϕ ≥ 1 on K.
Definition 2.1. A Riemannian manifold (M,g) is said to be p-parabolic if the p-capacity of
every compact set K ⊂M vanishes. The manifold is p-hyperbolic if it contains a compact set of
positive p-capacity.
Compact manifolds are obviously p-parabolic for any p. It is not hard to prove that on a
connected p-hyperbolic manifold, every compact set of positive measure has positive p-capacity.
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The next result gives further equivalent characterizations of p-parabolicity, we show in particu-
lar that p-parabolicity is equivalent to an exterior maximum principle. Note that the equivalence
between (ii) – (iv) below is proved following arguments valid in the case p = 2 (see e.g. [23])
while the equivalence with condition (v) is a result in [12]. Furthermore, the equivalence (i) –
(ii) was already observed in [15] using the non-linear Green function introduced by the author,
and can be deduced from the results in [29]. However, we provide a new and direct argument.
Finally, to the best of our knowledge, the explicit equivalence (iii) – (iv) has never been observed
before.
Theorem 2.2. Let (M,g) be a complete Riemannian manifold. The following conditions are
equivalent.
(i) M is p-parabolic.
(ii) If u ∈ C0(M)∩W 1,ploc (M) is a bounded above weak solution of ∆pu ≥ 0 then u is constant.
(iii) There exists a relatively compact domain D in M such that, for every function ϕ ∈
C(M \D)∩W 1,ploc (M \D) which is bounded above and satisfies ∆pϕ ≥ 0 weakly in M \D,
supM\D ϕ = max∂D ϕ.
(iv) For every open set Ω ⊂ M with ∂Ω 6= ∅, and for every ψ ∈ C
(
Ω¯
)
∩W 1,ploc (Ω) which is
bounded above and satisfies ∆pψ ≥ 0 weakly on Ω, supΩ ψ = sup∂Ω ψ.
(v) There exists a compact set K ⊂ M with the following property. For every constant
C > 0, there exists a compactly supported function v ∈W 1,p(M) ∩ C0(M) such that
‖v‖Lp(K) ≥ C ‖∇v‖Lp(M) .
Proof. (i)⇒ (ii). LetM be p-parabolic, so that, for every compact set K, capp(K) = 0, and
assume by contradiction that there exists a positive, p-superharmonic function u. By translating
and scaling, we may assume that supu > 1 and inf u = 0. Note that, by the strong maximum
principle (see, e.g., [17] Theorem 7.12) u is strictly positive on M . Next let D be a relatively
compact domain with smooth boundary contained in the superlevel set {u > 1} and let Di be
an exhaustion of M consisting of relatively compact domains with smooth boundary such that
D ⊂⊂ D1, and for every i let hi be the solution of the the Dirichlet problem

∆phi = 0, on Di \D
hi = 1, on ∂D
hi = 0, on ∂Di.
By a result of Tolksdorf [27], hi ∈ C
1,α
loc
(
Di \D
)
. Furthermore, since D and Di have smooth
boundaries, applying Theorem 6.27 in [17] with θ any smooth extension of the piecewise function
θ0 =
{
1, on ∂D
0, on ∂Di,
we deduce that hi is continuous on Di\D. By the strong maximum principle, we have 0 < hi < 1
in Di \ D and using the comparison principle, [17, Lemma 3.18], we deduce that {hi} is an
increasing sequence. Hence, by the Harnack principle, {hi} converges locally uniformly on
M \D a function h which is continuous on M \D, p-harmonic on M \D and satisfies 0 < h ≤ 1
on M \D and h = 1 on ∂D. Again, h ∈ C (M \D) ∩C1,αloc
(
M \ D¯
)
.
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Moreover, since hi is the p-equilibrium potential of the condenser (D,Di),
capp
(
D,Di
)
=
∫
|∇hi|
p = inf
∫
|∇ϕ|p ,
where the infimum is taken with respect to ϕ ∈ C∞c (Di) such that ϕ = 1 on ∂D. Think of
each hi extended to be zero off Di. Therefore
{∫
M\D |∇hi|
p
}
is decreasing and the sequence
{hi} ⊂ W
1,p (Ω) is bounded on every compact domain Ω of M \D. By the weak compactness
theorem, see, e.g., Theorem 1.32 in [17], h ∈ W 1,p (Ω), and ∇hi → ∇h weakly in L
p (Ω). In
particular, ∫
Ω
|∇h|p ≤ lim inf
i→+∞
∫
Di\D
|∇hi|
p .
On the other hand, it follows easily from the definition of capacity, that limi capp(D,Di) =
capp(D) = 0. Thus, letting ΩրM \D we conclude that∫
M\D
|∇h|p = 0,
so that h is constant, and since h = 1 on ∂D, h ≡ 1. Finally, since u is p-superharmonic and
u > hi on ∂D ∪ ∂Di, by the comparison principle, u ≥ hi on Di \ D, and letting i → ∞ we
conclude that u ≥ 1 on M , contradiction.
(ii) ⇒ (i). Given a relatively compact domain D, let hi and h be the functions constructed
above, and extend h to be 1 in D, so that h is continuous on M , bounded, and satisfies ∆ph ≤ 0
weakly on M . Thus (ii) implies that h is identically equal to 1. On the other hand, since
the functions hi belong to W
1,p
0 (M), Lemma 1.33 in [17] shows that ∇hi converges to ∇h
weakly in Lp(M). By Mazur’s Lemma (see Lemma 1.29 in [17]) there exists a sequence vk of
convex combinations of the hi’s such that ∇vk converges to ∇h strongly in L
p. Thus vk is
continuous, compactly supported, identically equal to 1 on D (because so are all the hi’s) and∫
M |∇vk|
p →
∫
|∇h|p = 0, showing that capp(D) = 0, and M is p-parabolic.
(iii) ⇒ (iv). Assume that (iii) holds, and suppose by contradiction that there exist a domain
Ω and a function ψ as in (iv) for which sup∂Ω ψ < supΩ ψ. Note that, by the strong maximum
principle, Ω is unbounded. Choose 0 < ε < supΩ ψ−sup∂Ω ψ sufficiently near to supΩ ψ−sup∂Ω ψ
so that D∩{ψ > sup∂Ω ψ + ε} = ∅. This is possible according to the strong maximum principle,
because D is compact. Define ψ˜ ∈ C0(M) ∩W 1,ploc (M) by setting
ψ˜(x) = max{sup
∂Ω
ψ + ε, ψ(x)}
and note that ∆pψ˜ ≥ 0 on M . According to property (iii),
max
∂D
ψ˜ = sup
M\D
ψ˜.
However, since D ∩ {ψ > sup∂Ω ψ + ε} = ∅,
max
∂D
ψ˜ = sup
∂Ω
ψ + ε < sup
Ω
ψ,
while
sup
M\D
ψ˜ = sup
Ω
ψ.
The contradiction completes the proof.
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(iv)⇒(iii). Trivial.
(iv)⇒(ii). Assume by contradiction that there exists u ∈ C0(M) ∩W 1,ploc (M) which is non-
constant, bounded above and satisfies ∆pu ≥ 0 weakly on M . Given γ < supu, the set Ωγ =
{u > γ} is open, and u is continuous and bounded above in Ωγ , satisfies ∆pu ≥ 0 weakly in Ωγ
and max∂Ωγ u < supΩγu, contradicting (iv).
(ii)⇒(iv). If there exists ψ ∈ C
(
Ω
)
∩W 1,ploc (Ω) satisfing ∆pψ ≥ 0 and supΩ ψ > max∂Ω ψ+2ε,
for some ε > 0, then
ψε =
{
max {ψ,max∂Ω ψ + ε} in Ω
max∂Ω+ε in M\Ω,
is a non-constant, bounded above, weak solution of ∆pψε ≥ 0 on M . This contradicts (ii).
For the equivalence (i) ⇔ (v), see [12] Theorem 3.1. 
We now localize the concept of parabolicity on a given end. Recall that, by definition, an end
E of M with respect to a compact domain F is any of the unbounded connected components of
M\F .
Definition 2.3. An end E of the Riemannian manifold (M,g) is said to be p-parabolic if,
for every compact set K ⊂ E¯,
capp (K,E) = inf
∫
E
|∇ϕ|p = 0,
where the infimum is taken with respect to all ϕ ∈ C∞c
(
E¯
)
such that ϕ ≥ 1 on K.
We have the following characterizations of the parabolicity of ends.
Definition 2.4. The Riemannian double of a manifold E with smooth, compact boundary
∂E is defined to be a smooth Riemannian manifold (without boundary) D(E) such that (i)
D(E) is complete (ii) D(E) is homeomorphic to the topological double of E and (iii) there is a
compact set K ⊂ D(E) such that D(E) \K has two connected components, both isometric to
E.
Observe that this is not uniquely defined, but all such “doubles”are bilipshitz equivalent.
Theorem 2.5. An end E with smooth boundary ∂E is p-parabolic if and only if either one of
the following equivalent conditions is satisfied:
(i) For every continuous φ : E¯ → R which is bounded above and p-subharmonic, supE φ =
max∂E φ.
(ii) The (Riemannian) double D (E) of E is a p-parabolic manifold without boundary.
Condition (i) in Theorem 2.5 yields easily the following necessary and sufficient condition for
an end to be p-hyperbolic.
Corollary 2.6. An end E is p-hyperbolic if and only if there exists a function ψ ∈ C(E) ∩
W 1,ploc (E) which is p-superharmonic and such that infE ψ = 0 and ψ ≥ 1 on ∂E.
Corollary 2.6 allows us to obtain the existence of special p-harmonic functions on p-hyperbolic
ends (whose existence, in view of Theorem 2.2 in fact characterizes p-hyperbolic ends).
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Lemma 2.7. Let E be a p-hyperbolic end of (M,g) with smooth boundary. Then, there exists
a non-constant p-harmonic function h ∈ C
(
E¯
)
∩C1,αloc (E) such that:
(1) 0 < h ≤ 1 in E¯,
(2) h = 1 on ∂E,
(3) infE¯ h = 0,
(4) |∇h| ∈ Lp
(
E¯
)
.
Proof. Take a smooth exhaustion Di of M with ∂E ⊂ D0. Set Ei = E ∩Di and solve the
Dirichlet problem 

∆phi = 0, on Ei
hi = 1, on ∂E
hi = 0, on ∂Di ∩ E.
By the arguments used in the proof of Theorem 2.2, hi ∈ C
1,α
loc (Ei)∩C(Ei), 0 < hi < 1 in Ei, it is
increasing and converges (locally uniformly) to a p-harmonic function h on h ∈ C
(
E¯
)
∩C1,αloc (E)
satisfying 0 < h ≤ 1 and h = 1 on ∂E. Since E is p-hyperbolic, there exists a function ψ
with the properties listed in Corollary 2.6. By the comparison principle, hi ≤ ψ for every i, and
passing to the limit, h ≤ ψ, so that infE h = 0 and in particular h is non-constant.
To prove that h has finite p-energy we argue as in the proof of Theorem 2.2, to show that{∫
E |∇hi|
p} (where hi is extended to E by setting it equal to 0 in E \Ei) is decreasing and, by
Lemma 1.33 in [17], ∇h ∈ Lp(E) and ∇hi converges to ∇h weakly in L
p(E). 
Remark 2.8. Suppose that the end E is p-parabolic. Then, the same construction works
but, in this case, by the boundary maximum principle characterization of parabolicity, we have
h ≡ 1.
3. Sobolev inequalities, volume and hyperbolicity of ends
In this section we show that the validity of an Lq,p-Sobolev inequality implies that each of
the ends of the underlying manifold is p-hyperbolic. Unlike previous investigations by Li-Wang
[21] and Cao-Shen-Zhu [9] for p = 2, and Buckley-Koskela [2] for general p and general metric
ambient spaces, our strategy is to use in a natural way the doubling construction on the given
end, thus reducing the study to the case of a manifold without boundary. Technical difficulties
arising from the validity of the Sobolev inequality only outside a compact set are overcome by
extending a previous result by Carron.
We begin by describing the effect on volume growth of the validity of a Sobolev inequality. It
is elementary to show that if an Lq,p-Sobolev inequality holds on a manifold then the manifold
has infinite volume. Indeed, having fixed xo in M we consider a family {ϕR}R>0 of cut-off
functions satisfying: (a) 0 ≤ ϕR ≤ 1; (b) ϕR = 1 on BR/2 (xo); (c) supp(ϕR) ⊂ BR(xo); (d)
|∇ϕR| ≤ 4/R on M . Using ϕR into the Sobolev inequality gives
Sq,pvol
(
BR/2 (xo)
)1/q
≤ Sq,p ‖ϕR‖Lq ≤ ‖∇ϕR‖Lp ≤
4
R
vol (BR (o))
1/p ,
which, in turn, implies the non-uniform estimate
vol (BR (o)) ≥ CR
p,
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for every R ≥ 1 and for some constant C =
(
4−1Sq,pvol (B1 (o))
1/q
)p
> 0. In particular
vol(M) = +∞ and at least one of the ends of M has infinite volume.
In order to extend this conclusion to each individual end we can use a uniform volume estimate
whose principle can be traced back to papers by G. Carron, [5] and K. Akutagawa [3], see also
[14, lemma 2.2 ] and [26, theorem 3.1.5]. We state this estimate in a form suitable for our
purposes.
Proposition 3.1. Let E be an end of the complete manifold M with respect to the compact
set F and assume that the Lq,p-Sobolev inequality (3) holds on E, for some q > p ≥ 1. Then
there exists positive constant C1 depending only on p, q and Sq,p such that, for every geodesic
ball BR(x0) ⊂ E
(7) vol (BR (x0)) ≥ C1R
pq
q−p .
In particular, if F ⊂ BR0(o), then for every x0 ∈ E with d(x0, o) ≥ R + R0 the ball BR(x0) is
contained in E, and E has infinite volume.
Proof. For every Ω ⊂ E let
λ (Ω) = inf
∫
Ω |∇ϕ|
p∫
Ω |ϕ|
p ,
the infimum being taken with respect to all ϕ ∈ W 1,pc (Ω), ϕ 6≡ 0. By the Sobolev and Ho¨lder
inequalities, for every such ϕ we have∫
Ω
ϕp ≤ vol(Ω)
q−p
q
(∫
Ω
ϕq
) p
q
≤ (Sq,p||∇ϕ||p)
p ,
and therefore
(8) vol (Ω)
q−p
q λ (Ω) ≥ Spq,p.
On the other hand, choosing Ω = BR (x0) and
ϕ (x) = R− d (x, x0)
we deduce that
λ (BR (x0)) ≤
vol (BR (x0))∫
BR(x0)
(R− d (x, x0))
p(9)
≤
vol (BR (x0))∫
BR/2(x0)
(R− d (x, x0))
p
≤
2pvol (BR (x0))
Rpvol
(
BR/2 (x0)
) .
Combining (8) and (9) we obtain
vol (BR (x0))
1+ q−p
q ≥ 2−pSpq,pR
pvol
(
BR/2 (x0)
)
,
i.e.,
vol (BR (x0)) ≥
(
2−pSpq,pR
p
)α
vol
(
BR/2 (x0)
)α
,
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with
0 < α =
1
1 + q−pq
< 1.
Iterating this inequality k-times yields
vol (BR (x0)) ≥ 2
−pα
∑k
j=1 jα
j (
2−pSpq,pR
p
)∑k
j=1 α
j
vol
(
BR/2k (x0)
)αk
.
Since
volBr (x0) ∼ ω0r
m as r → 0 (m = dimM),
for k large enough
vol
(
BR/2k (x0)
)αk
≥
(
1
2
ω0R
m2−km
)αk
and letting k → +∞ finally gives
vol (BR (x0)) ≥ 2
−pα¯
(
2−pSpq,pR
p
) α
1−α ,
where
α¯ =
+∞∑
j=1
jαj ,
and estimate (7) holds since pα1−α =
pq
q−p .
To prove the second statement, assume that x0 ∈ E is such that d(x0, o) ≥ R + R0, and
consider the geodesic ball BR(x0). If x ∈ BR0(o), then by the triangle inequality,
d (x0, x) ≥ d (x0, o)− d (o, x) ≥ R,
proving that BR (x¯) ∩ BR0 (o) = ∅. On the other hand, if E
′ is a second connected component
of M\K and x′′ \BR0(o), let σ be a minimizing geodesic from x0 to x
′. By continuity, σ must
intersect ∂BR0 (o) at some point x1 and
d
(
x0, x
′
)
= ℓ (σ) = d(x′, x1) + d(x1, x0) > d(x1, x¯) ≥ R.
Therefore BR (x0) ∩ E
′ = ∅ and we conclude that BR(x0) ⊂ E. Since x0 ∈ E can be chosen in
such a way that d (x0, o) is arbitrarily large, letting E ∋ x0 →∞ gives that vol (E) = +∞. 
We next prove that if an Lq,p-Sobolev inequality holds in the complement of a compact set
of a complete Riemannian manifold, then each end is p-hyperbolic. The result is known for
p = 2 [9, 21, 23]. The proof we give here is new and is based on the observation that if the
Lq,p Sobolev inequality (3) holds on M then M is necessarily p-hyperbolic. Indeed, if Ω is any
compact domain then, for every ϕ ∈ C∞c (M) satisfying ϕ ≥ 1 on Ω it holds
Sq,pvol (Ω)
1/q ≤ Sq,p ‖ϕ‖Lq ≤ ‖∇ϕ‖Lp ,
proving that
capp (Ω) ≥ S
p
q,pvol (Ω)
p/q > 0.
This shows that M is p-hyperbolic, and therefore at least one of its ends is p-hyperbolic. To
extend the conclusion to each end E of M , we are naturally led to applying the reasonings to
the double D (E). By the very definition of the double of a manifold, it turns out that D (E)
supports the Sobolev inequality (3) outside a compact neighborhood of the glued boundaries.
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Accordingly, to conclude that E is p-hyperbolic we can make a direct use of the following very
general theorem that extends to any Lq,p-Sobolev inequality a previous result by Carron, [4].
Theorem 3.2. Let (M,g) be a possibly incomplete Riemannian manifold. Assume that M
has infinite volume and that M \ F supports the Lq,p-Sobolev inequality (3) for some compact
F ⊂ M . Then, M is p-hyperbolic and the same Sobolev inequality, possibly with a different
constant, holds on all of M .
Remark 3.3. Clearly, if M is complete, according to Proposition 3.1 the assumption that M
has infinite volume is automatically satisfied.
Proof. Let Ω be a precompact domain with smooth boundary such that K ⊂⊂ Ω. Let
also Wε ≈ ∂Ω × (−ε, ε) be a bicollar neighborhood of ∂Ω such that Wε ⊂ M\F , and let
Ωε = Ω ∪Wε and Mε = M\Ωε. Note that, by assumption, the L
q,p-Sobolev inequality with
Sobolev constant S > 0 holds on Mε. Furthermore, the same L
q,p-Sobolev inequality, with some
constant Sε > 0 holds on the compact manifold with boundary Ωε (start with the Euclidean L
1
Sobolev inequality and use Ho¨lder’s inequality a number of times). Now, let ρ ∈ C∞c (M) be a
cut-off function satisfying 0 ≤ ρ ≤ 1, ρ = 1 on Ωε/2 and ρ = 0 on Mε. Next, for any v ∈ C
∞
c (M),
write v = ρv+(1− ρ) v, and note that ρv ∈ C∞c (Ωε) whereas (1− ρ) v ∈ C
∞
c
(
Mε/2
)
Therefore,
we can apply the respective Sobolev inequalities and get
‖v‖Lq(M) ≤ ‖vρ‖Lq(Ωε) + ‖v (1− ρ)‖Lq(Mε/2)
≤ S−1ε ‖∇ (vρ)‖Lp(Ωε) + S
−1 ‖∇ (v (1− ρ))‖Lp(Mε/2)
≤
(
S−1ε + S
−1
)
‖∇v‖Lp(M) + S
−1
ε ‖v∇ρ‖Lp(Ωε\Ωε/2) + S
−1 ‖v∇ρ‖Lp(Ωε)
≤
(
S−1ε + S
−1
) {
‖∇v‖Lp(M) +C ‖v‖Lp(Ωε)
}
,
where C = maxM |∇ρ|. Summarizing, we have shown that, for every v ∈ C
∞
c (M),
(10) ‖v‖Lq(M) ≤ C1
{
‖∇v‖Lp(M) + ‖v‖Lp(Ωε)
}
,
for a suitable constant C1 > 0.
With this preparation, we now prove that M is p-hyperbolic. To this end, using the fact that
vol(M) = +∞, we choose a compact set Ω′ ⊃ Ωε satisfying
vol
(
Ω′
)1/p
≥ (2C1)
q vol (Ωε)
q/p .
Thus, applying (10) with a test function v ∈ C∞c (M) satisfying v = 1 on Ω
′, we deduce
vol (Ωε) ≤ C
−1
1 vol
(
Ω′
)1/q
− vol (Ωε)
1/p ≤ ‖∇v‖Lp(M) .
It follows that
capp
(
Ω′
)
≥ vol (Ωε) > 0,
proving that M is p-hyperbolic.
Finally, we show that the Sobolev inequalities on Ωε and on Mε glue together. According to
(10) it suffices to prove that there exists a suitable constant E = E (Ωε) > 0 such that
‖v‖Lp(Ωε) ≤ E ‖∇v‖Lp(M) ,
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for every v ∈ C∞c (M). Since M is p-hyperbolic, this latter inequality follows from Theorem 2.2
(ii). 
We can now prove the result announced at the beginning of this section.
Theorem 3.4. Every end of a complete Riemannian manifold (M,g) supporting the Lq,p-
Sobolev inequality (3) for some q > p ≥ 1 is p-hyperbolic and, in particular, has infinite volume.
Proof. Let E be an end with smooth boundary of the complete manifold M supporting the
Lq,p-Sobolev inequality (3). We shall prove that the double D (E) of E is a p-hyperbolic manifold
(without boundary). To this purpose, we note that D (E) has infinite volume because, by the
first part of Theorem 3.4, E itself has infinite volume. Furthermore, E enjoys the Sobolev
inequality (3) outside a compact neighborhood of the glued boundaries. Therefore, a direct
application of Theorem 3.2 yields that D (E) is a p-hyperbolic manifold, as desired. 
Corollary 3.5. Suppose that the complete manifold M has (at least) one p-parabolic end.
Then the Lq,p-Sobolev inequality (3) fails.
4. p-harmonic functions with finite p-energy
This section aims to giving a simple independent proof of a result of I. Holopainen, [16], which
extends to the nonlinear setting previous results of the Li-Tam theory, [20]. Related results may
be found in the paper by S.W. Kim, and Y.H. Lee, [18].
Theorem 4.1. Let (M,g) be a Riemannian manifold with at least two p-hyperbolic ends
(with respect to some smooth, compact domain).Then, there exists a non-constant , bounded
p-harmonic function u ∈ C0(M) ∩C1,αloc (M) satisfying |∇u| ∈ L
p (M).
Proof. Let Ei be the ends of M with respect to the smooth domain Ω ⊂⊂M . By assump-
tion, we may suppose that E1 and E2 are p-hyperbolic. Let {Dt}t∈N be a smooth exhaustion
of M and set Ej,t = Ej ∩Dt.
For every t ∈ N, let ut ∈ C
1,α
loc (Dt) ∩ C
(
Dt
)
be the solution of the Dirichlet problem

∆put = 0 on Dt
ut = 1 on E1 ∩ ∂Dt
ut = 0 on Ej ∩ ∂Dt, j 6= 1.
Note that, by the strong maximum principle, 0 < ut < 1 in Dt. Moreover, as explained
in Lemma 2.7, the sequence {ut}t∈N converges, locally uniformly, to a p-harmonic function
u ∈ C0(M) ∩ C1,αloc (M) satisfying 0 ≤ u ≤ 1. Now, for every j = 1, 2, let hj be the p-harmonic
function associated to the ends Ej costructed in Lemma 2.7. Recall that hj is the (locally
uniform) limit of the p-harmonic function hj,t which satisfy hj,t = 1 on ∂Ej and hj,t = 0 on
Ej ∩ ∂Dt. Define k1,t = 1 − h1,t. Then, comparing ut and k1,t on E1,t yields that ut ≥ k1,t
on E1,t. On the other hand, comparing ut and h2,t, gives ut ≤ h2,t on E2,t. Therefore, taking
limits as t → +∞, we deduce that u ≥ h1 on E1 and u ≤ k2 on E2. From this, using (3) in
Lemma 2.7, we conclude that u is non-constant. We claim that |∇u| ∈ Lp(M). Indeed, for
every j = 1, ..., n, let Fj,t = Ej\Ej,t. We think of ut as extended to all of M by ut = 1 on F1,t
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and ut = 0 on ∪
n
i=2Fi,t. Then, by construction, ut is the equilibrium potential of the condenser
(F1,t,∪i≥2Ei,t ∪ Ω ∪ E1) and we have
capp (F1,t,∪i≥2Ei,t ∪ Ω ∪E1) =
∫
M
|∇ut|
p .
On the other hand, take k1,t and extend it to be one on F1,t. Then, k1,t is the equilibrium
potential of the condenser (F1,t, E1) and we have
capp (F1,t, E1) =
∫
M
|∇k1,t|
p .
By the monotonicity properties of the p-capacity, [17], [11], and recalling that
∫
E1,t
|∇k1,t|
p is
decreasing in t, we deduce∫
M
|∇ut|
p = capp (F1,t,∪i≥2Ei,t ∪ Ω ∪E1)
≤ capp (F1,t, E1) =
∫
M
|∇k1,t|
p =
∫
E1,t
|∇k1,t|
p ≤ C,
for some constant C > 0 independent of t. Now observe that, for every domain D ⊂⊂ M ,
∇ut → ∇u weakly in L
p (D) and therefore∫
D
|∇u|p ≤ lim inf
t→+∞
∫
D
|∇ut|
p ≤ C.
Letting D րM completes the proof. 
5. A Liouville-type result for p-harmonic functions
The project of a self-contained proof of Theorem 0.1 will be completed once we have proved
the following Liouville-type result for p-harmonic function with finite p-energy.
Theorem 5.1. Let (M,g) be complete Riemanian manifold such that M Ric ≥ −q (x) for
some continuous function q (x) ≥ 0. Let p ≥ 2 and assume that the Schrodinger operator
LH = −∆−Hq (x) satisfies
λLH1 (M) ≥ 0
for some H > p2/4 (p− 1). Then, every p-harmonic function u : M → R of class C1 and with
finite p-energy |∇u| ∈ Lp(M) must be constant.
Note that the spectral condition is equivalent to the strong positivity of the operator
−∆−
s2
4 (s− 1)
q(x)
in the terminology of [8].
In the recent paper [25], the authors obtained a more general result for manifold-valued p-
harmonic maps with low regularity. The proof in the real-valued case of Theorem 5.1 appears
somewhat more direct.
14 STEFANO PIGOLA, ALBERTO G. SETTI, AND MARC TROYANOV
Proof. Roughly speaking, the idea is to obtain a Caccioppoli-type inequality for the energy
density |∇u| of u and this is achieved by integrating the Bochner formula against suitable test
functions.
Note that, by elliptic regularity, u is smooth on the open set
M+ = {x ∈M : |∇u| 6= 0} .
The standard Bochner formula, which is valid for a generic smooth function, states that
1
2
∆ |∇u|2 = |Hess (u)|2 + 〈∇∆u,∇u〉+Ric (∇u,∇u) , on M+.
Computing the Laplacian on the left hand side, using the Kato inequality
|∇ |∇u||2 ≤ |Hess(u)|2
and recalling that Ric ≥ −q (x), we deduce
(11) |∇u|∆ |∇u| ≥ 〈∇∆u,∇u〉 − q (x) |∇u|2 , on M+.
Let 0 ≤ ρ ∈ C∞c (M+) be a test function. We multiply both sides of (11) by ρ
2 |∇u|p−2 and we
integrate by parts thus obtaining
−
∫
M+
〈
∇
(
|∇u|p−1 ρ2
)
,∇ |∇u|
〉
≥ −
∫
M+
∆udiv
(
ρ2 |∇u|p−2∇u
)
(12)
−
∫
M+
q (x) ρ2 |∇u|p .
We shall take care of each of the integrals in (12) separately.
(I) Direct computations and the Cauchy-Schwarz inequality show that
−
∫
M+
〈
∇
(
|∇u|p−1 ρ2
)
,∇ |∇u|
〉
≤ 2
∫
M+
ρ |∇ρ| |∇u|p−1 |∇ |∇u||(13)
− (p− 1)
∫
M+
ρ2 |∇u|p−2 |∇ |∇u||2 .
Let ε > 0 be any small number. Using the elementary inequality 2ab ≤ ε2a2 + ε−2b2 we obtain∫
M+
2ρ |∇ρ| |∇u|p−1 |∇ |∇u|| ≤ ε2
∫
M+
ρ2 |∇u|p−2 |∇ |∇u||2
+ ε−2
∫
M+
|∇ρ|2 |∇u|p ,
which, inserted into (13), yields
−
∫
M+
〈
∇
(
|∇u|p−1 ρ2
)
,∇ |∇u|
〉
≤ ε−2
∫
M+
|∇ρ|2 |∇u|p(14)
+
(
ε2 − (p− 1)
) ∫
M+
ρ2 |∇u|p−2 |∇ |∇u||2 .
THE CONNECTIVITY OF A MANIFOLD SUPPORTING AN Lq,p-SOBOLEV INEQUALITY 15
(II) Again, by direct computations,
−
∫
M+
∆udiv
(
ρ2 |∇u|p−2∇u
)
= −
∫
M+
ρ2∆u∆pu(15)
− 2
∫
M+
ρ∆u |∇u|p−2 〈∇ρ,∇u〉 .
Now, since u is p-harmonic, ∆pu = 0 and, therefore, the first summand on the right hand side
vanishes. On the other hand, expanding the p-harmonicity condition we see that
∆u = − (p− 2) |∇u|−1 〈∇ |∇u| ,∇u〉 , on M+.
Replacing this expression into (15) and manipulating as above, we conclude
LHS(15) = 2 (p− 2)
∫
M+
ρ |∇u|−1 〈∇ |∇u| ,∇u〉 |∇u|p−2 〈∇ρ,∇u〉(16)
≥ −2 (p− 2)
∫
M+
ρ |∇ρ| |∇u|p−1 |∇ |∇u||
≥ −ε2 (p− 2)
∫
M+
ρ2 |∇u|p−2 |∇ |∇u||2 − ε−2
∫
M+
|∇ρ|2 |∇u|p .
(III) Recall that, by the spectral assumption,∫
M
|∇ϕ|2 −Hq (x)ϕ2 ≥ 0,
for every ϕ ∈ C∞c (M). Taking ϕ = ρ |∇u|
p/2 and performing the needed computations as above,
we finally obtain
−
∫
M+
q (x) ρ2 |∇u|p ≥ −
(
H−1 + ε−2H−1p
) ∫
M+
|∇ρ|2 |∇u|p(17)
−
(
p2
4
H−1 + ε2H−1p
)∫
M+
ρ2 |∇u|p−2 |∇ |∇u||2 .
Inserting (14), (16) and (17) into (12) we conclude that
(18) A
∫
M+
ρ2 |∇u|p−2 |∇ |∇u||2 ≤ B
∫
M+
|∇ρ|2 |∇u|p ,
where we have set
A = p− 1−
p2
4
H−1 − ε2
{
p− 1 +H−1p
}
B = H−1 + ε−2
{
H−1p+ 2
}
.
Note that, by the assumption on H, A > 0 provided 0 < ε << 1. Inequality (18) is almost the
desired Caccioppoli-type inequality. The main problem to complete the argument, and to deduce
the vanishing of |∇u| by a standard choice of the cut-off functions, is that ρ must be supported
in M+. We need to extend the validity of (18) to any test function compactly supported in M .
To this end, we use a trick introduced by F. Duzaar and M. Fucks in [10]. Namely, we define
ϕδ = min
{
|du|p/2
δ
, 1
}
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for δ > 0 and set ξ = ϕδη for any η ∈ C
∞
c (M). Using the fact that f (t) = t
p/2 is a Lipshcitz
function for p ≥ 2 and that, for a p-harmonic function, |∇u|p/2−1∇u ∈ W 1,2loc (M) (see e.g. [10])
it can be verified that ξ ∈ W 1,20 (M+). Hence there exists a sequence {ρj}
∞
j=1 ⊂ C
∞
c (M+) such
that ρj → ξ in W
1,2
0 (M). Substituting ρ = ρj into (18) and taking the liminf as j →∞, we get
A
∫
M+
η2(ϕδ)
2 |∇u|p−2 |∇ |∇u||2 ≤ 2B
∫
M+
η2 |∇ϕδ|
2 |∇u|p(19)
+ 2B
∫
M+
(ϕδ)
2 |∇η|2 |∇u|p
Finally, we let δ → 0. Note that ϕδ → 1 pointwise in M+. Moreover
∫
M+
|∇u|p |∇ϕδ|
2 η2 =
∫
M+
|∇u|2
∣∣∣∇ |∇u|p/2∣∣∣2
δ2
η2χ{|∇u|p<δ2}
≤
∫
M+
∣∣∣∇ |∇u|p/2∣∣∣2 η2χ{|∇u|p<δ2}
and the last term vanishes by dominated convergence as δ → 0. Therefore, letting δ → 0 in
(19), we finally get the desired Caccioppoli inequality
(20)
∫
M+
η2 |∇u|p−2 |∇ |∇u||2 ≤ C
∫
M+
|∇u|p |∇η|2 , ∀η ∈ C∞c (M),
for a suitable constant C > 0.
As mentioned above, the argument can now be easily completed. By contradiction, suppose
u is non-constant. For any fixed R > 0, we choose η (x) = ηR (x) so to satisfy
(21)
(a) 0 ≤ η (x) ≤ 1, (b) η (x) = 1 on BR (o) ,
(c) η (x) = 0 off B2R (o) , (d) |∇η| ≤ 2/R on M.
Whence, we deduce
∫
BR(o)∩M+
|∇u|p−2 |∇ |∇u||2 ≤
4C
R2
∫
B2R(o)∩M+
|∇u|p ,
for some computable positive constant C, and letting R→ +∞ we conclude
∫
M+
|∇u|p−2 |∇ |∇u||2 = 0,
proving that |∇u| = const. on every connected component of M+. Since u is non-constant, this
implies thatM+ =M and |∇u| = const. 6= 0. Since, by assumption, |∇u|
p ∈ L1 (M), we deduce
that
(22) volM < +∞.
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Using this information together with the spectral assumption and choosing η = ηR to be the
cut-off functions defined in (21), we get
0 ≤ lim
R→+∞
∫
B2R(o)
{
H−1 |∇η|2 − q (x) η2
}
≤ lim
R→+∞
{
4 volB2R (o)
HR2
−
∫
BR(o)
q (x)
}
= −
∫
M
q (x) ≤ 0,
proving that q (x) = 0, i.e., M Ric ≥ 0. A well known result by S.T. Yau and E. Calabi now
shows that M has at least a linear volume growth, contradicting (22). 
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